Indirect control with quantum accessor: coherent control by initial state preparation 
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This is the second one in our series of papers on indirect quantum control assisted by quantum 
accessor. In this paper we propose and study a new class of indirect quantum control(IDQC) scheme 
based on the initial states preparation of the accessor. In the present scheme, after the initial state 
of the accessor is properly prepared, the system is controlled by repeatedly switching on and off the 
interaction between the system and the accessor. This is different from the protocol of our first paper, 
where we manipulate the interaction between the controlled system and the accessor. We prove the 
controllability of the controlled system for the proposed indirect control scheme. Furthermore, we 
give an example with two coupled spins qubits to illustrate the scheme, the concrete control process 
and the controllability. 

PACS numbers: 03.65.Ud, 02.30.Yy, 03.67.Mn 



I. INTRODUCTION 

Quantum control is a coherent manipulation of a quan- 
tum system, which enables a time evolution from an 
arbitrary initial state to arbitrarily given target states 
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Recently, we proposed the 
conception of indirect quantum control(IDQC) [12, 13]. 
A similar work under the name of incoherent quantum 
control [14, 15, 16] was proposed by R. Roman et.al. for 
the control of spin-half particles. The IDQC is a coherent 
manipulation for a quantum system via a coupled inter- 
mediate system (called quantum accessor) , which can be 
controlled directly. Through the engineered interaction 
between the controlled quantum system and the accessor, 
this indirect manipulation enable an ideal control of the 
system. A similar controllability for incoherent control 
[1] has been studied in the SU(2) <8> SU (2) case that both 
the controlled system and quantum accessor are spin- 1/2 
particles [14, 15]. 

Our first paper [13] on indirect quantum control was 
motivated by the pervious works on the quantum con- 
trol with built-in feedback [12] and on the dipole control 
for finite quantum systems [17, 18]. In Rcf. [13], a gen- 
eral indirect quantum control protocol is proposed and 
studied in detail with an engineered interaction totally 
fixed between the controlled quantum system and the 
accessor. In this scheme the accessor is modeled as a 
qubit chain with XY-type coupling. Conditions for the 
complete controllability, such as the minimal number of 
qubits in accessor, the coupling way between the system 
and the accessor, are investigated in detail. 

Different from the scheme proposed in Rcf. [13], the 
quantum control scheme proposed in this paper is mainly 
based on ingeniously preparing the initial state of the 
quantum "accessor. In this scheme, the control func- 
tion is encoded in a series of initial states of the accessor, 
which is prepared by means of a classical field, and real- 
ized through the conditional evolution of the controlled 
system from the initial states. So it is adequate to say 



that this is essentially an indirect control protocol where 
the initial preparation of the "quantized accessor" de- 
termines the time evolution of the controlled system to 
realize the target state. 

In this paper, we assume that the interaction which 
governs the evolution of the controlled system depends 
on the initial state of the accessor, and it is switched off 
when the external field is switched on to manipulate the 
accessor. This "switch off and on duality" can be ap- 
proximately realized when the strength of the external 
field is much stronger than the system-accessor coupling. 
Actually, in physical situations it is rather difficult to 
control the system state directly, but it is easy to manip- 
ulate the accessor state and modify the system state by 
switching on and off the interaction between them. We 
will only consider the quantum controllability of finite 
dimensional systems, and leave the relevant infinite case 
[19] as an open problem. 

The remainder of this paper is organized as follows. 
In Sec. II, we describe in detail the control steps of our 
IDQC scheme by a model. In Sec. Ill, we generally 
investigate the controllability, in a slightly generalized 
sense, of the scheme along the line of Ref. [20]. In Sec. 
IV, we consider explicitly an example to illustrate the 
IDQC scheme and the concerned controllability. 



II. CONTROL SCHEME 

Let the controlled system S be a finite-level system 
described by the Hamiltonian H$ and the quantum ac- 
cessor A be a high-dimension system described by the 
Hamiltonian Ha- In our scheme the control process is 
steered by the preparation of the initial states of A. To 
realize the conditional evolution of the system, we require 
the interaction Hj(S, A) between the system and the ac- 
cessor commute with Ha, i.e., [Ha, Hi (S, A)] = 0. Thus 
the Hamiltonian of the total system of S and A can be 
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FIG. 1: (Color online) Illustration of indirect quantum con- 
trol, (a) The system is consisted of the controlled system and 
the accessor. An external field is utilized to prepare the initial 
state of the accessor, (b) First the interaction is closed and 
the accessor A initialized in the eigenstate of its free Hamilto- 
nian. Then the interaction is opened to govern the evolution 
of A and S. The above two steps complete a control cycle. 
The cycle is repeated until the target state is obtained. 

written as 

H = H S +H A + H I (S,A). (1) 

We observe that in our model Ha commutes with both 
Hs and H] (S, A) . Actually, in the "standard" ap- 
proach for ideal quantum measurement, we require a non- 
demolition property, defined by the above commutation 
relations. Here we can imagine the controlled system 
as a detector, which will not dissipate the energy of the 
accessor, but on the other hand can record the manipu- 
lation information of the accessor. Then the evolution of 
the controlled system is steered by the quantum states 
of A. The interaction Hamiltonian H](S, A) between the 
two subsystems enjoys the following nice property. For 
the fixed variable of the controlled system, which can 
be viewed as the classical parameter, the operator Ha 
and Hi (S, A) have the common eigenstates \cf>j) because 
of the commutating relation. The corresponding eigen- 
values Hj (S) are parameterized by the variables of the 
controlled system and thus can be regarded as an opera- 
tor acting on the Hilbcrt space of the controlled system. 
Thus for each eigenstate \(j>j) of the accessor and an ar- 
bitrary state \ip) of the system, 

Hi(S,A)\1>) ® \4>j) = H 3 (Sm ® \</> s ), (2) 

where Hj (S) is an operator acting on the state space of S 
and depends on the initial eigenstate of the accessor. In 
this sense, we regard Hj (S) as an effective Hamiltonian 
acting on the controlled system. 

Actually for an arbitrary initial state |^rj) of S and an 
eigenstate \<f>j) Hamiltonian Ha of the accessor A with 



eigenvalue otj , we have 

e -i(H s+ H A+Hl (S,A))t^ ^ |^ 
= e -i(H s +H,(S))t e -ia^|^ o ^ ^.y (3) 

This means that different initial states of the accessor can 
induce different time evolutions of the controlled system, 
which arc defined by the effective Hamiltonian 

H en (j) = H s +Hj(S)-aj. (4) 

Therefore the different effective Hamiltonian H Q g (j) can 
be induced by preparing the different initial states of the 
accessor. The above simple observations motivate us to 
propose a new IDQC scheme. In our control scheme, we 
assume that we can manipulate the accessor A to any 
common eigenstate state of Ha and Hi(S,A). The sys- 
tem is manipulated by the series of effective Hamiltonians 
{i/eff (j)} induced by preparing different initial states of 
the accessor. Here, we take the model Hamiltonian as 

#total = H + E (t) 

EE H + Y,Uj{t)Yj, 
3 

where E (t) depends on the variables Yj of the accessor 
and Uj (t) is the external field used to prepare the ini- 
tial states of the accessor. We assume that Uj (t) is so 
strong that the system-accessor coupling can be ignored 
when the external field is switched on. Therefore, we 
can formally use the "step" function / (t) to describe the 
periodic control scheme. Fig. 1 illustrates this "switch 
on-off" duality control scheme. Here the basic element 
is what we call control cycle (Dashed rectangular area in 
Fig. 1) consisting of the following two steps: 

51. In the time interval (i^, £i), the interaction is bro- 
ken between the accessor and the controlled system, 
/ (t) = 0, and the accessor is prepared on the state 
10^) with the classical field E (t). 

52. In the time interval (t\, t' 2 ), the interaction between 
S and A is switched on / (t) ^ and the classical 
field is removed. In this step, the system evolves 
according to the effective Hamiltonian H e g (j). The 
encoding control information is "recorded" by the 
system and we finish one cycle of manipulation. 

In our scheme, the controllability is realized by repeat- 
ing this cycle. 

III. COMPLETE CONTROLLABILITY OF 
INDIRECT CONTROL 

In this section, we consider the complete controllabil- 
ity of the controlled system S with the above indirect 
scheme. For simplicity, we only consider the case where 
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the controlled system S is an TV-level system. To explore 
the controllability, we define the set of discrete evolution 
operators 

M 

g = {TJ e-HHs+H^s^Atj 

\Atj > 0, and At, ^ Ofor finitely manyj's}, (5) 

each element of which represents a manipulation com- 
pleted in M control cycles. In the jth cycle, the interac- 
tion between S and A is switched on for Atj . The set of 
attainable states from the state <fo is 

G<t>o = {g\<t>o}\g g Q}, (6) 

where \4>q) is the initial state of the controlled system. By 
definition, Q is a semigroup and a subset of the Lie group 
SU{N). Mathematically, the subsystem S is completely 
controllable if Q is the whole Lie group SU (TV). However, 
physically speaking, this condition is by far too strong. It 
would be well acceptable to call S completely controllable 
if an arbitrary state of S can be approached by the state 
in Q^ to an arbitrary precision. This latter condition 
means that the closure Q of Q in SU (n) is just SU (TV) 
itself. In view of this consideration, we will investigate 

Q. 

As far as complete controllability is concerned it is 
meaningful to investigate under what conditions Q is 
equal to SU(N). To this end we need to go into the 
details of H$ and Hj(S). But we will content ourself 
with considering a special case, which illustrates the main 
idea. We assume that for each j the Hamiltonian Hj(S) 
takes the form Hj(S) = A(oij)Xj, where ay is a param- 
eter that can be manipulated freely to enable A(oy) to 
take zero or some real fixed number. For convenience, 
the model with this property will be referred to as the 
simplified model. And |A(<x,)| can be arbitrarily large, 
if necessarily. This fact turns out to be crucial for the 
complete controllability. 

Under the above assumption, the effective Hamiltonian 
reads 

//,, //. • ^\\in,:.Y, n r (7) 

3 

This is exactly the Hamiltonian broadly discussed in the 
direct quantum control [1, 20]. But here it appears natu- 
rally in our scheme. So in some sense it can be said that 
the scheme proposed in this paper is at the bottom of the 
broadly discussed direct quantum control scheme. Espe- 
cially, the method of controllability proving developed in 
direct quantum control theory applies in our present case. 

The following two lemmas are essentially taken from 
Ref. [20]. We would rather omit the proof. But we 
would like to point out that in the proof of Lemma 2 the 
condition " |A(<x, )| can be arbitrarily large, if necessarily" 
plays a crucial role. 

Lemma 1 The closure Q of Q is a Lie subgroup of 
SU{N). 



Lemma 2 In the simplified model, for each j the single 
parameter subgroup exp (— itXj) of SU(n) belongs to Q. 

Proposition 1 For the simplified model, if the Lie alge- 
bra su{N) of SU(N) can be generated by iHs and iXj 's, 
then Q = SU(N). 

Proof. Denote by L the Lie algebra of Q, which is a Lie 
subgroup of SU(N) according to Lemma 1. It directly 
follows from Lemma 2 that iXj £ C for each j. On the 
other hand for Atj > 

e -iAtj{Hs+\{cc 3 )Xj) g g c g /g\ 

by definition. But Q is a group, this should be true 
for an arbitrary Atj. Consequently, we have —i(Hs + 
\(ctj)Xj) £ £, and hence iHs £ C. Finally, as iHs an d 
iX/s generate the Lie algebra su(N) and SU(N) is a 
connected Lie group we can conclude that g = SU(N). 
The proof of the proposition is thus completed. 

We have proved the controllability of the simplified 
model. In this model, the control is attained by repeat- 
edly and properly preparing the initial states of the acces- 
sor and the controlled system works as a detector, which 
records and reads the manipulation information encoded 
in the initial states of the accessor. This is also the main 
idea of the IDQC proposed in this paper. 

IV. AN EXAMPLE OF IDQC 

In this section, we illustrate the above control scheme 
and its controllability with an example: a two-level ac- 
cessor controls one qubit. In this simple example, we 
show that the scheme is equivalent to that of the direct 
quantum control. 

Let the controlled system be a qubit described by the 
Hamiltonian Hs = ws&s and the accessor be a two-level 
system with the free Hamiltonian Ha = ll>ao~ a - We cou- 
ple the controlled system and the accessor with the in- 
teraction Hj = ga x s ® a z A . Thus the total Hamiltonian of 
the system reads 

H = ijj s o- z s <g> 1 + <jj a \ <g> a% + ga x s ® (J Z A . (9) 

It is easily seen that if the initial state of the accessor 
is |0), the effective Hamiltonian defined above reads 

H eS (0) = uj s a z s - uj a -ga x s - (10) 

If the initial state of accessor is |1), we obtain the effective 
Hamiltonian 

H cS (l)^uJscr z s +uj A +gcr x s . (11) 

This effective Hamiltonian is equivalent to the Hamilto- 
nian of a qubit controlled by a transverse magnetic field 
the direction of which can be reversed. 

Obviously, we have ia s € su(2), ia z s £ su(2) and 
io~ v s = [id's, ia s ] /2i £ su (2), producing the generators of 
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FIG. 2: (Color online) Illustration of the control protocol in 
the example. Firstly, the accessor is prepared on the state 
\0)a and then the interaction is switched on for a time inter- 
val ti. The system evolves under the effective Hamiltonian. 
This corresponds to the evolution on the Bloch sphere along 

path AB. Secondly, the interaction is switched off for t2 and 
the system evolves under its free Hamiltonian. The system 

evolves along the path BC. 



|$ ) s = cosftii |0) s + e" /z smVLt 1 \1) s . (15) 
After that, we switch off the interaction and the free evo- 
lution of the system for a time interval The state of 
the system then reads 



|cf> )5 = cosQii |0) s + e 



i7r/2— 2iust2 



sinfiti|l) s . (16) 



The control protocol here is illustrated in the Fig. 2. 
Since an arbitrary state of the two-level system can be 
expresses as = cos 8 \Q) S +sm6e lip |l) s , we can con- 
clude that we can prepare the two level system to ar- 
bitrary states by choosing appropriate t\ and t 2 - This 
proves the controllability directly. 

Before concluding our paper, we point out that there is 
no limit to the control scheme, and it is different from the 
observation in Ref. [12] that there is a phase uncertainty 
due to the standard quantum limit. The Hamiltonian 
we use here is non-demolition of the accessor, while the 
one in Ref. [12] is of the system. And it preserves the 
separability of the wave function. Therefore, there is no 
control limit to our scheme. 



CONCLUSION 



the Lie algebra SU (2). Thus when g >> uis Proposition 
1 applies and we conclude that the system is controllable. 

Next, we would follow the controlling process step by 
step. The time evolution operator of the controlled sys- 
tem is calculated straightforward as 



U 



- up 



cos fit 



1 smSZt y~Q~ a & 



1 



n 



(12) 

and ip = ujA&At- Suppose that the 
|0) s . First we close the interaction 



where f2 

initial state of S is 
by taking g = and use the classical field to prepare the 
accessor A in the initial state |0) A . Then we stop the 
action of the classical field and switch on the interaction. 
Driven by the effective Hamiltonian H c fi (0) for the time 
interval t\, the quantum state of the controlled system 
becomes 

|$o> = ^ At [a |0) s + P (ti) |1> S ] ® |0)^ , (13) 



where a(ti) 



(cos fiii + i^f sm^ti) and p (ti) 



ij^sinftti. Noticing that the wave function of the to- 
tal system remains factorized, we obtain the state of the 
controlled system after the evolution as 



l*o), 



Aui A t 



a(fi)|0> s +/3(ti)|l) s ] 



(14) 



In this equation , when g >> lus, we obtain a (ti) ~ 
cos fiti and 0{t{) ~ isinfiii. Thus the state of the sys- 



In this paper, we propose a general scheme to manipu- 
late the quantum states of a quantum system by prepar- 
ing the initial state of the accessor. Different from our 
previous approach [13] , we control the controlled system 
by preparing the state of the accessor. Based on the 
scheme, we simplify the model and point out its equiv- 
alence to broadly investigated direct quantum control. 
And we take advantage of the proof of controllability of 
direct quantum control and prove the controllability of 
arbitrary finite dimensional quantum system. We investi- 
gated the concrete control process of our indirect control 
scheme with two-level system as an example. It is found 
that the two-level system to reach any given target state 
by preparing the initial state of accessor (a qubit)only one 
time and the time evolution supplies the relative phase 
of the target state. 

Finally, we point out that it is very important to study 
the concrete control protocol of our scheme for arbitrary 
finite dimensional quantum systems proposed in this pa- 
per. Generalization of our approach to infinite dimen- 
sional quantum systems will be also in consideration. 
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